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First part, multiple choice

There is exactly one correct answer per question.

Newton-Raphson method
An easy method for computing the square root of a real number y > 0 by hand is as follows:
(i) find @, such that 23 =~y (e.g. y = 17, 29 = 4).
(ii) Calculate the difference d =y — 22 (e.g. d =17 —42 =1).
(iii) Output z1 = zo + ﬁ (e.g. w1 =4+ § =4.125).
)

(iv) repeat (ii)—(iii) for higher accuracy.

This is an instance of the Newton-Raphson method, which defines the sequence {z;};>0 of real numbers

by the following equation:

N f(ze)
Ti41 = Tg f/(xt) . (1)

Question 1  What is the function f(z) of which we aim to find a zero in the example above?

|:| Vz—17
[] 22
[]22-17
[ vz
Question 2 Now, suppose we are not happy with the solution z; = 4.125, because 3 = 17.015625

is not accurate enough. What is the next iterate zo in the sequence (for y = 17, g = 4 as above)?
Use the following values: 015625 — 4 195 0-015625 () )038.

4.125 4.125
[ ]4.1288
[ ] 4.1269
[[]4.1212
[ ]4.1231

Question 3 How many iterations do you (roughly) have to perform to compute the correct 16

significant digits in the above example (y = 17, xo = 4).

DlOlG

[ ]10v16 = 10*
[ ]16
[J2=s
(] Vi6=14

For your examination, preferably print documents compiled from auto-
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Question 4  The Newton-Raphson method to find zeros of f can be interpreted as a second-order
optimization method. Of course, one could also use the gradient method instead. How would the

iterates of this scheme look like? (For carefully chosen stepsize 7).

D Tipq = xp — Vf(24)

D Tey1 = xp — Vf (24)

D Ti41 = Ty — YTt

[ @1 o= 20— y(F/(20) " f ()
[ @iy o= 2 = (" ()72 f (1)

Newton’s second-order optimization method

Question 5 As studied in the class, the update step for Newton’s optimization method for an

objective function g : R™ — R is given by
X1 =X — V3g(x:) "' Vo(x¢)

For n = 1, how does this optimization method relate to the Newton-Raphson method from Equa-

tion (1) from the previous section?

(Jr=¢

(] =g

[1r=g

] r=g"
Question 6  Given a quadratic function g : R" — R of the form g(x) = —ix" Ax+ b x + ¢ where
A € R™™™ is a symmetric matrix. 'What are necessary and sufficient conditions for g to be convex?

D — A positive semidefinite, and b is non-negative

|:| The Hessian of g is negative definite for all x, and b is non-negative

[ ] A positive semidefinite

D The Hessian of g is negative definite for all x

|:| The Hessian of g is positive definite for all x

D A positive semidefinite, and b is non-negative

D —A positive semidefinite

D The Hessian of ¢ is positive definite for all x, and b is non-negative

For your examination, preferably print documents compiled from auto-
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Coordinate Descent
Question 7  Consider the least squares objective function

F6) 1= 5 4x— b | &)

for A a m X n matrix, A = [ay,...a,] with columns a;.
What is the gradient V f(x)?

[]4

[[] AT Ax
[ ] AT(Ax—Db)
[ ] AATx—Db)

Question 8  We are now interested in the complexity of computing the gradient of f as in Equa-
tion (2). Each addition or multiplication of two real numbers counts as one operation. How expensive
is it to compute the full gradient, given x:

(Note here O(k) refers to a function growing at least and at most as fast-as k in the variables of concern)

Question 9 How expensive is it to compute just a single coordinate of the gradient of f as in
Equation (2), given x:

(Note here O(k) refers to a function growing at least and at most as fast as k in the variables of concern)

Question 10  The complexity of Coordinate Descent depends on the coordinate-wise smoothness
constants L;. What is L; for f as in Equation (2)7

[ ] Li = Amax(AT A)
L] L = Jail)?

[ ] Li = Amax (AT A) /00
[ L= laT4]

D Li = [Jaq|

For your examination, preferably print documents compiled from auto-
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Frank-Wolfe

Consider the linear minimization oracle (LMO) for matrix completion, that is for

min Zij — Yij)?
YengnXm Z ( v R )
(i,7)€Q
when Q C [n] x [m] is the set of observed entries from a given matrix Z. Our optimization domain X
is the unit ball of the trace norm (or nuclear norm), which is known to be the convex hull of the rank-1

matrices
X :=conv(A) with A:= {uv—r

uer”, luf,=1
veR™, [|v],=1f

Question 11 Consider the LMO for this set X for a gradient at iterate Y € R™*"™ (derive it if
necessary). Compare the computational operation (or cost) needed to compute the LMO, as opposed
to computing the projection onto X7

Hint: Assume that the Singular Value Decomposition of a n X m matrix takes time ©(n?m), and

computing the top singular vector takes time ©(nm).

[ ] LMO and projection both take ©(n2m)
[ ] LMO takes ©(nm), and projection takes ©(n2m)
[ ] LMO takes ©(n?m), and projection takes ©(nm)

Smoothness and Strong Convexity

Consider an iterative optimization procedure.

Question 12 Which one of the following three inequalities is valid for a smooth convex function f:
L Fxenn) = fF(xe) < V)T (ki1 — x0) + 5 1%t — x|

[ Flxn) = f(x0) S Vx0T (ki1 = %) — Ellxin — x|
L] flxesn) = F(xe) < ViF(xe) T (xe = Xeg 1)+ 5 [ xern — xe)?

Question 13  Which one of the following three inequalities is valid for a strongly convez function f:

[ fxe) = F(x*) > Vf(xe) T (e~ x*) + & || — x*|°
L] () = £(x*) < V() T (30 = %) = & [l — %2
[ F(xe) = F(x*) < VF(x) T (0 — x*) + & ||, — x*||?

Random search

Question 14  Consider derivative-free random search, with line-search, as discussed in the lecture.

[ ] For strongly convex functions, random search converges as O(Llog(1/¢))
D For convex functions, random search converges as O(dL/¢)

[ ] For convex functions, random search converges as O(dL log(1/¢))

For your examination, preferably print documents compiled from auto-
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Empirical comparison of different methods

Donald Duck’s three nephews Huey, Dewey, and Louie have enrolled in CS 439. For their course
project, they analyzed three different algorithms, namely Gradient Descent, Accelerated Gradient
Method and Newton’s second-order optimization method on a strongly convex optimization problem
and plotted the performance of the algorithms on a graph. However, as it turns out they forgot to
put a legend in their graph and due to some bug in their code, they plotted a line which corresponds
to none of the algorithms. Can you help them in labelling their unlabelled graph?

10!
=== Algorithm 1
1007 0 Nmeal e Algorithm 2
Algorithm 3
10! 1 - Algorithm 4
107 R
I R T
= 1077 4 '
1074 4
107° §
10—5 T T T T T T T T
0 50 100 150 200 250 300 350

Number of lterations

Figure 1: Performance of different optimization algorithms.

Question 15  Which optimization method corresponds to the error-curve for Algorithm 17

D None

[ ] Gradient Descent (with correct stepsize)
[ ] Accelerated Gradient Method (with correct parameters)

|:| Newton’s optimization method

Question 16  Which optimization method corresponds to the error-curve for Algorithm 27

D None

|:| Newton’s optimization method
[ ] Accelerated Gradient Method (with correct parameters)
[ | Gradient Descent (with correct stepsize)

Question 17  Which optimization method corresponds to the error-curve for Algorithm 37

D Accelerated Gradient Method (with correct parameters)

D Newton’s optimization method

D None

[ | Gradient Descent (with correct stepsize)

For your examination, preferably print documents compiled from auto-
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Question 18  Which optimization method corresponds to the error-curve for Algorithm 47

D Newton’s optimization method

D None

[ ] Accelerated Gradient Method (with correct parameters)
[ ] Gradient Descent (with correct stepsize)

® For your examination, preferably print documents compiled from auto-
multiple-choice.
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Second part, true/false questions
Question 19  (Convexity) The epigraph of a function f : R? — R is defined as
epi(f) = {(x,a) e R™*" |x € dom(f), e < f(x)},

[ ] TRUE [ ] FALSE

Question 20  (Convexity) The triangle inequality and homogeneity of a norm together imply that

any norm is convex.

[ ] TRUE [ ] FALSE

Question 21 (Convex Sets) We consider C; and Cs two convex sets in R
We define Cy + Cy := {x1 + 22,21 € Cy, 22 € Ca}.
Is C; + C5 a convex set?

[ ] TRUE [ ] FALSE

Question 22 (Differentiability) The function (max(0, gc))2 is differentiable over R.

[ ] TRUE [ ] FALSE

Question 23 (Coordinate Descent) Consider Coordinate Descent on a strongly convex and smooth
objective function. depending on the coordinate-wise smoothness constants L; (i.e. different Lipschitz
constants for each gradient coordinate).

If we sample coordinate i with probability proportional to L;, and use stepsize L;, convergence is

typically faster than uniform CD

[ ] TRUE [ ] FALSE

Question 24  (Coordinate Descent) In the same setting, if we sample coordinate i uniformly, and

use stepsize 1/L;, convergence is typically faster than CD with fixed stepsize

[ ] TRUE [ ] FALSE

For your examination, preferably print documents compiled from auto-
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Third part, open questions

Answer in the space provided! Your answer must be justified with all steps. Do not cross any
checkboxes, they are reserved for correction.

Intersection of Convex Sets

We are given n convex sets Cop = {Cy,...,C,} where each set C; C R?. We want to design an

algorithm which can check if the intersection of all of these sets is null i.e. we want to check if

However we do not care about solving this problem exactly, but have a small leeway of magnitude
€ > 0. To make this more mathematically precise, let us define some notation.
The distance between a set ¢ C R? and any point y € R? is defined as

d(C,y) = mi —ylly -

(C,y) = min [lw —yll,

We only want to distinguish between the following two cases for any ¢ > 0:
(N) The intersection of the sets is non-empty, i.e. (;_; C; # @.
(E) For any point x € RY, max;e(1,....n} d(Ci, X) > €.

We want to solve this problem using calls to an oracle which can compute the projection onto C; € C.
Let us define the projection oracle P;(x) for any i'€ {1,...;n} and x € R? as

P;(x) := argmin ||y — x|, .
yel;

We want to make as few calls to the projection oracle as possible. Our strategy will be to i) define
a loss function and ii) run gradient descent. Then using our knowledge of convergence of gradient

descent, we can argue about the number of oracle calls required.

First Approach.

Inspired by the condition in case (E), let us define the following loss function:

= d(C;,x) .
9(x) e (Ci,x)

Question 24: 2 points. Is the function g(x) convex? Is it Lipschitz?

Hint: maximum of convex functions is also convex.

[ L[]

For your examination, preferably print documents compiled from auto-
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Question 25: 5 points. What is the sub-gradient of g? How many calls to the gradient oracle are
needed to compute dg(x) and g(x)?
Hint: Show that for two convex functions gi(x) and g2(x), 0g;(x) is a subgradient in the set

dmax(g1(x), g2(x)) where g;(x) := max(g1(x), g2(x)).

(oLl Js[ Jal )

QueStIOIl 26- p()lmfs. ASSuIIle y()u are gl Vel a St ar t ng p()lIll X0 aIl(l a COIlSt allt li SUCh t}lat
5
Xp — X 2 . 1ve (S up a S p 0. gra 1en escen 1 an appr pI‘la €S ep—blze. hOV\/
< “ (}V {l ‘e ‘e (] ‘ (] e W l]l (@) t t S

using the convergence of gradient descent we proved in class that for any optimum x* of g,

te{rg?gT}g(xt) —g(x") <

EE

(oLl Js[ Jal )
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Question 27: 4 points. Using the result from the previous question, show that O(n/c?) calls to the

projection oracle is sufficient to distinguish between case (N) and case (E) for our problem.

(oLl [

® For your examination, preferably print documents compiled from auto- ®
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Question 28: 6 points.
DO Dl DZ D:s D4 D5 D6

The convergence of the Frank-Wolfe algorithm was analyzed in class for only smooth functions. In
this question we will examine if smoothness is necessary. Consider the following non-smooth function
f:R* S R:

fw,v) ;== max {w, v} ,

restricted to a ball of radius 2 around the origin. We are then interested in finding

(w*,v*) ;= argmin (max{w,v}) .
w22 <2
Suppose we start at the origin (0,0) and run the Frank-Wolfe algorithm (with any step size rule).
Since the function is not smooth, we will call the LMO oracle using an arbitrary subgradient instead
of the gradient. Does this algorithm converge to the optimum?
Hint: First show that the iterates of Frank-Wolfe always lie in the convex hull of the starting point
and the solutions of the LMO oracle.

For your examination, preferably print documents compiled from auto-
multiple-choice.
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Newton’s second-order optimization method

As studied in the class, the update step for Newton’s optimization method for an objective function
g :R™ — R is given by
X1 = Xy — V2g(x) " Vg(xy)

Question 29: 2 points. What happens when Newton’s optimization method is run on a convex

quadratic function? Explain.

[l

Question 30: 2 points. Affine Invariance of the Newton’s method

Consider h(x) := g(Mx) where M € R"*" is invertible where g is some convex function.
Show that the Newton steps for h and ¢ are also related by the same linear transformation,
ie., Ax; = MAy, where Ax; and Ay, are the Newton steps at the t*" iteration for h and g

respectively. We assume xo = My are the starting iterates for A and g respectively.

[l

® For your examination, preferably print documents compiled from auto-
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Coordinate Descent

Question 31: 2 points. Given a matrix A, we define A\pin(AT A) and Apax (AT A) to be the smallest
and largest eigenvalues of AT A.

Show that for any x,y € R",

Amin(ATA)[x = y|* < A = ¥)II* < Anax (AT A)||x — y|*.

[l

Question 32: 3 points. Show that for any x,y € R", for any b € R":

T Amax (AT A)
|Ax —b|* <([Ay=Db|*> +[AT(Ay —b)] (x—y)+ S R b
What does that imply for f(x) := ||Ax — b||*?
[l Lkl
® For your examination, preferably print documents compiled from auto-

multiple-choice.
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Question 33: 2 points. For f(x) := ||[Ax — b||?, we now perform one step of coordinate descent. IL.e.
for a given point x; € R™ we do a step of the form

Xi4+1 = X — %(Vf(xt))i 1€

where e; € R" denotes a standard unit vector. For i fixed, compute the best ;.

[l

Smooth strongly convex SGD

We consider a function f(x) := 1 3" | fi(x) on R? and we assume that the functions f; are convex,

n
differentiable.
We furthermore assume that f is L-smooth, that is that V f is L-Lipschitz.
We consider SGD defined as the following algorithm: Let xo € R?, and for any ¢ > 1, for a sequence
of step sizes ~y;, define

X1 = Xt — Vt8t-

We first consider g; := V f;, (x¢), with 4; uniformly and independently sampled from {1,...,n}.

Question 34: 2 points. Show that g; is an unbiased estimator of the gradient V f(x;).

[ o[ [
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Question 35: 6 points. Combining the two valid equations of smoothness and strong convexity (as

also stated in Questions 12 and 13), prove in detailed steps that, if v, < %, SGD in this setting

converges as

(1= ) E [lIx = x*1°] = E [Ixes1 = x*)7]
27 '

E[f(xer1) = F(x)] < E g — VF(x)I?] +
3

For comparison, recall the following result from Lecture 6 (slide 6):

B2 (=) E [Ixe = xI°] = E [Ixesn = x*)
< + .
2 2

E[f(xt41) — f(x¥)]

under the bounded gradient assumption E[||g,||*] < B2.

How do the two results compare?

Lo Ll Ll Je[ Ja[ s
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uestion 36: / points. Recall the possible choices of learning rate (7¢) in the situation of the previous
Question 36: 4 points. Recall th ible choi f1 i t in the situation of th i
question. What is the resulting rate of convergence? Which estimator do we eventually consider?

Comment on the assumption v; < % Is it a restriction? Which choice of step size could be

used,
a) for getting O(log(t)/t) convergence, and
b) for getting O(1/t)?

Lol L[l s
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